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Abstract 



In this paper, we construct derived equivalences between matrix subrings. As applications, we cal- 
culate the global dimensions and the finitistic dimensions of some matrix subrings. And we show that 
ff^ , the finitistic dimension conjecture holds for a class of Harada algebras and a class of tiled ttiangular 

algebras. 

1 Introduction 

■ Derived equivalences preserve many homological properties of algebras such as the number of sim- 
ple modules, the finiteness of global dimension and finitistic dimension, the algebraic K-theory and 
Hochschild (co)homological groups (see [15, 6, 1 1, 19, 20, 18]). Thus, in order to study some homo- 
logical properties of a given algebra, we can turn to the one which is derived equivalent to it. 

Recently, Hu and Xi have exhibited derived equivalent endomorphism rings induced by ©-split 
sequences. We find that ©-split sequences give a way to construct derived equivalences between 
matrix subrings. In this paper, we will study the derived equivalences having a characteristic that one 
of two rings has relatively simple structure. 

As applications, we first investigate the global dimension of a matrix subring. By the definition of 
global dimension, Kirkam and Kuzmanovich in [13] have calculated the global dimensions of some 
• matrix subrings. Cowley extended some of their results by triangular decomposition [5]. As never 

before, we investigate some cases by the method of derived equivalences. 

Second, we study the finitistic dimension of a matrix subring. For a ring A, the finitistic di- 
mensions are defined as follows: Z.Fin.dim(A) is the supremum of the projective dimensions of left 
. . A-modules of finite projective dimensions, and fin.dim(A) is the supremum of the projective dimen- 

r% I sions of finitely generated left A-modules of finite projective dimensions. Kirkman and Kuzmanovich 

■ compute Z.Fin.dim(A) for a noncommutative Noetherian ring A in [13]. By derived equivalences, we 
calculate ;.Fin.dim(A) for a matrix subring A. This result is helpful to study the finitistic dimension 
conjecture which states that for an Artin algebra A, fin.dim(A) is finite. This conjecture is still open. 
We refer the reader to [21] on some new advances on this conjecture. 

Little is known about whether the finitistic dimension conjecture holds for matrix subalgebras. 
Note that the Artin algebra A and the matrix algebra M„(A) are Morita equivalent. Thus, in order to 
prove that fin.dim(A) is finite, it is equivalent to prove that fin.dim(M„(A)) is finite. Our ideal in this 
direction is to investigate the finitistic dimension of a matrix subalgebra. If the finitistic dimension of 
A is finite, what could we say about the finitistic dimension of a matrix subalgebra? 
In order to describe the main result precisely, we fix some notations. 

Let A be a ring with identity. Let A, (2 < ; < n) be a family of subrings of A with the same identity 
with A, and let lij, 2 < ; < n, 2 < J < n — 1 be ideals of A satisfying that /„ C /„_i C • ■ ■ C /2, /, C 
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j^ijj C /,;■, ^ liilij C 7y, 2 < J < n, 2 < 7 < n — 1. In this way, we can construct two rings 
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42 //2 A3 7/3 

/42//2 43/4 A4//4 



42/4 43/4 44/4 
\A/h A/4 A/4 

with identities. Throughout this paper, A and Z are rings of this forms. 
The main result in this paper is the following: 

Theorem 1.1. The two rings A and Z are derived equivalent. 

As a direct consequence of Theorem 1.1, we have the following corollary. 

Corollary 1.2. (1) Let A be as in Theorem 1.1. Then 



A„/4 
A/4 aJ 



/.Fin.dim(A) - 1 < /.Fin.dim(A) < n + ^/.Fin.dim(A,/7i) +/.Fin.dim(A). 

!=2 



(2) Let A as in Theorem 1.1. Then 

OTax{/.gl.dim(A,/4),/.gl.dim(A),2 < « < n} - 1 < /.gl.dim(A) < 
+/.gl.dim(A)+n. 



£ /.gl.dim(A/4) 

(=2,3,-'- ,n 



We define a class of algebras which are called general block extensions of rings with respect to 
the decomposition of identity. And we calculate their global dimensions and finitistic dimensions. 
We also get a class of Harada algebras and a class of tiled triangular rings which satisfy the finitistic 
dimension conjecture. 

This paper is arranged as follows. In section 2, we fix some notations and recall some definitions 
and lemmas needed in this paper. In section 3, the proof of the main result is given. In section 4, 
we give some applications of the main result. The definition of general block extensions of rings 
with respect to the decomposition of identity is proposed. We calculate their global dimensions and 
finitistic dimensions. And we also get some classes of algebras which satisfy the finitistic dimension 
conjecture. In section 5, we display some examples to illustrate the applications. 



2 Preliminaries 

In this section, we shall recall some basic definitions and results needed in this paper. 

Let A be a ring with identity. We denote A-Mod the category of left A-modules and by A-mod 
the category of all finitely generated left A-modules. Mod-A means the category of right A-modules. 
Given an A-module M, we denote by proj .dim(M) the projective dimension of M. The left global 
dimension of M, denoted by Z.gl.dim(A), is the supremum of all proj.dim(M) with M £ A-Mod. By 
add(M), we shall mean the full subcategory of A-Mod, whose objects are summands of finite sums of 
M. For two morphisms / : X ^ 7 and ^ : F — >^ Z in A-Mod, the composition of / and g is written as 
fg, which is a morphism form X to Z. 

Let A be an Artin algebra. A complex X' = (X',d\^) of A-modules is a sequence of A-modules 
and A-module homomorphisms d'^ : X' X''^^ such that d\d'^^ = for all i G A morphism 
f':X'^ Y* between two complexes X* and Y' is a collection of homomorphisms f':X'^ Y' of 
A-modules such that f'dy = d'^f'^^. The morphism /* is said to be null homotopic if there exists a 
homomorphism V : X' Y'~'^ such that /' = d'xh'+^ + h'd^^ for all ieZ. A complex X* is called 
bounded below if X' = for all but finitely many / < 0, hounded above if X' = for all but finitely 
many ; > 0, and bounded if X' is bounded below and above. We denote by '^{A) (resp., (A-Mod)) 
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the category of complexes of finitely generated (resp., all) A-modules. The homotopic category ,jt{A) 
is quotient category of ^{A) modulo the ideals generated by nuU-homotopic morphisms. We denote 
the derived category of A-mod by Si [A) which is the quotient category oi J^{A) with respect to the 
subcategory of J^{A) consisting of all the acyclic complexes. The full subcategory of J^{A) and 
S{A) consisting of bounded complexes over A-mod is denoted by J^^^(A) and ^''{A), respectively. 
We denoted by '^+(A) the category of complexes of bounded below, and by o^+(A) the homotopic 
category of '^+(A). The full subcategory of ^(A) consisting of bounded below complexes is denoted 
by ^+(A). Similarly, we have the category "^^(A) of complexes bounded above, the homotopic 
category J^~{A) of "^"(A) and the derived category S~{A) of "^"(A). If we focus on the category 
of left A-modules, then we have the homotopic category ^(A-Mod) of "^(A-Mod) and the derived 
category ^(A-Mod) of ^(A-Mod). 

The two rings A andB are ceiled derived equivalent if S^{A) and S^{B) are equivalent as triangu- 
lated categories. It is equivalent to say that B is isomorphic to End^b(A) (^*)' where T* is a complex in 
Jf^''(A-proj) satisfying: (a) T' is self-orthogonal, that is, Hom^bj-^.pj-oj)!^*)^* W) = for all i ^ 0, 
(b) add(r*) generates ^''(A-proj) as a triangulated category. 

In [10], Hu and Xi define the ©-split sequences which occurs in many situation, for instance, the 
Auslander-Reiten sequence. 

Definition 2.1. [10] Let C be an addictive category and D a full subcategory of C. A sequence 

in C is called a 2) -split sequence if 

(1) Me ©; 

(2) / is a left D -approximation ofX, and g is a right (D -approximation of Y; 
{3)fis a kernel ofg, and g is a cokemel off. 

2) -split sequences implies the derived equivalence between the endomorphism algebras. The fol- 
lowing theorem reveals how to construct derived equivalence from 1) -split sequences. 

Lemma 2.2. [10] Let C be an additive category and M an object in C. Suppose 

X Am' Ay 

is an almost ndd{M)-split sequence in C- Then the endomorphism ring ¥.ndc{X ©M) ofX ©M and 
the endomorphism ring End^; {Y (BM) ofY (BM are derived equivalent. 

3 Results and proofs 

To prove our results, we first establish a fact. 

Lemma 3.1. Let Rbe a ring with identity. 

( 1 )Let Mbea neotherian left R-module, and let f -.M bea surjective homomorphism, thenf 

is injective. 

(2)Let M be an artinian left R-module, and let f : M ^ M be an injective homomorphism, then f 
is surjective. 

Proof. We only prove the first part of the lemma. The second part of the lenmia is similar. Set 

k 

/*= f f- Note that Ker/*^ are submodules of M and Ker/' is the submodule of Ker/'+' for any i>\. 
Since M is a neotherian module, there exists j'q > 1. satisfying Ker/* = Ker/*+^ Then we have the 
following commutative diagram: 

M >M- 




■Ker/ 
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By the snake lemma, we can get Ker/ = 0. So f is injective. □ 
Now, let us prove the main result in this paper. 

Proof of Theorem 1.1: Set F = M„{A), the nxn matrix over A. Denote by e, the matrix which has 
1a in the (/ , ;)-th position and zeros elsewhere for 1 <i <n. So ei , eij ■ ■ ■ ) piecewise orthogonal 
idempotents in A, such that 1a = ei + H h e„. 

Since A is a subring of F with the same identity, the ring F can be considered as a A-module just 
by restriction of the scalars of F to A. 

Now, we consider the exact sequence 

— S-A^F^L — >0 

in A-Mod, where X is the inclusion map and L is the cokemel of X. To show the Theorem, we prove 
the following statements. 

(1) The sequence 

— S-A^F^L — >0 

is an almost add(Aei)- split sequence in A-Mod. 

In fact, we shall check that all conditions in Definition 2.1 are satisfied. 

Since the left A-module aF is a direct sum of some copies of Aei, we have F e add(Aei). Clearly, 
Aei is projective as a left A-module, then we have an exact sequence 

— > HomA(£>, A) HomA(£>,F) HomA(£>,L) — )■ 
for any D G add(Aei). 

This means that the homomorphism K : aF — > /J^ is a right add(Aei )-approximation of a^^. Now, 
we prove that the homomorphism X : \A — > /J" is a left add(Aei )-approximation of A. In fact, every 
left A-module homomorphism ^ : A — ;>Aei is determinedby the image of 1 under Similarly, 
every left F-module homomorphism /i : F — > Fei is determined by h{l), the image of 1 under h. Note 
that Fei and Aei are isomorphic as left A-module, and any left F-module homomorphism is also 
left A-module homomorphism. So we assume that gi : F — > Aei is a left A-module homomorphism 
which sends 1 to g{l). Then the homomorphism gi satisfies g = igi. Thus we have proved that the 
homomorphism^ : aA — ^ Ar is a left add(Aei)-approximation. Hence (1) is proved. 

Note that the sequence 

— s-Ae,- -^Aei ^L,- — ^0 (*) 

where ^j is inclusion map and L,- is the cokernel ofXi, are almost add(Aei)-split sequences for 2 < i < 
n. 

By Lemma 2.2, the ring A and the endomorphismringEndA(i'2 ©^-3 ® • • • ©L„® Aei) are derived 
equivalent via a tilting module L2 © L3 © • • • © L„ © Ae i . 

(2) The ring Z and the endomorphismring 'E-aA\{Li ®Lj, © • • ■ ©L„ © Aei) are isomorphic as rings. 
Indeed, we note that 



EndA(L2 ©^-3 © • • • ©L„ © Aei) 



^(L2,L2) (L2,L3) ••• (i2,Aei)\ 
(L3,L2) (L3,L3) (L3,Aei) 

\{Kei,L2) (Aei,L3) ••• {Aei, Aei) J 



as rmgs. 



In the following, we calculate the endomorphism ring EndA (L2 © ^^3 © • • • © i'n © Ae 1 ) . 
The morphism set HomA(i;, Ae,) = for 2 < j < n. Applying the functor HomA(— , Aei) to the 
exact sequence — > Ae, ^ Aei -^L,^ 0, we can get the following exact sequence 

HomA(Z,,, Aei) — > HomA(Aei,Aei) — > HomA(Ae,-, Aei) — > 
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in Z-Mod for 2<i<n. 

Note that both of HomA(Aei,Aei) and HomA(Ae,,Aei) are isomorphic to A in Z-Mod. By 
Lemma 3.1, we have HomA(L(, Aei) = for 2 < j < n. 

For simpUcity, we denote the set e,Ae^ by A,-^ for 1 < i, j < n. The morphism fix denote the right 
multiplication by x. 

Let b be an element in A,-^- for 2 < ij < n. Since Xi is the left Aei -approximation of Ae„ we 
have a morphism Ha '■ Aei Ke\ such that = [i^^j where a is an element in A. Thus we can get 
an element a^, in HomA (L,-,L,) such that 7t,ai, = /iaTt,-. It follows from the commutativity of the left 
square that a = b. For a given morphism m„ there is a unique a^, satisfying Jt,aft = HbT^j. Note that 
T^mb = nT^j, we can get = /i^,. 



■ Ae,- ■ 



• Ae,- 



I 

/jfl I 
Y 

- Aei 



I 

y 



(*) 



where A,,, A,^ are the inclusion maps and Li,Lj are the cokemels of and Xj, respectively. 
Thus, we can define a set of maps from Ay to HomA(Z-, ,Ly ) for 2 < i, j < n. 
Define 

'I'l; • ^'7 HomA(L,-,Ly) 



for 2 < i, j < n. 

{a) The map is well-defined. 



b ttfo. 




Suppose that = 0, we have A,;;U6 = 0. It follows that there is a morphism : L; — > Aei such that 
fib = 7t,s,. Thus we have Ttj-afe = jUfeTt^- = Tt/jj-Tty. Since 7t is surjective, we have a^, = siTij. Note that 
HomA(L,, Aei) = for 2 < j < n, we obtain a^, = 0. Hence <Sfij is well-defined. 

{b) The morphism (^ij is surjective. 

Let a be an element in \{om\{Li^Lj). Note that Aei is projective module over A, thus there exists 
a morphism : Aei — >^ Aei such that Ha%j = %iO. where a is an element in Ai i . Thus there is a unique 
morphism : Ae,- — > Aej such that Xi/Jb = HbXj for b € A;j. So is surjective. 

(c) The description of Ker(j)y , i.e., Ker(|),j = for 2 < ij < n. 




^0. 



Suppose that a^, = 0. Then we have /jfcTi/ = 0. So there is a morphism f, : Aei Aej such that 
jUft = tikj. Note that there exist c £ Ij, d G A such that = //c> = yUrf- Thus, we have b = cd, i.e., 
b Glj. Conversely, suppose that b is an element in Ij, we have fib%j = TtiOCf, = 0. It follows that a^, = 0. 
Hence, Ker(|),j = Ij for 2 < iJ < n. 

(d) (^ij preserves addition and multiplication. 
It is easy to prove that preserves addition. 
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Now, we turn to prove that preserves multiplication, i.e., ^ij{b)^jic{b') = ^ikibb') for 2<i,j <n 
where b and b' are elements of A,;, and Aj^ respectively. 

It suffices to prove that tti,},' = a&a^,'. Since HbUb' = Mbb'' we have Xifiaa' = '^iHc where Hc is a 
morphism induced by fjiyi,!. Thus — /j^ factorizes through 7t,-. Note that HomA(Z-i,Aei) = for 
2 < / < n, we have = /j^. Hence we get 0.i,y = <Xb0.y. 



Now, we can define a map 



<t> = (<t>u) '■ (^2 H h e„)A(e2 H h en) 



/(L2,L2) (L2,L3) 

(L3,L2) (L3,L3) 



{L2,Ln)\ 
{L3,Ln) 

iLn,L„)J 



{aij)i-ij-i H> {(i?ij{aij))i-ij-i 

for 2 < i, j < n. 

The map (]),, is well-defined and surjective, so is the map (|). It follows from that preserves 
addition and multiplication for 2 < i,j < n that (|) is a ring homomorphism. The kernel of (|) is 



Thus, we have a ring isomorphism 
/A2//2 

I32/I2 A3/I3 
hi/h 143/h A4//4 



fh h 
h h 

\h h 
\ 





An/ In / 



In\ 



({L2M) {LiM) 

(L3,L2) (L3,L3) 



{L2,Ln)\ 



\{L„,L2) {L„,L3) ■■■ {Ln,L„)J 



\In2 Ih In3/h In4 / h 

Meanwhile, we have algebra isomorphism 92 

92 : A -)-EndA(Aei) 
{fa'- ^1 A^iei) 

and isomorphism of abelian groups 93 

93 : {A/l2,A/h,--- ,A//„) (HomA(Aei,L2),HomA(Aei,L3),-- - ,HomA(Aei,L„)) 

(oti,OT2,--- 1-^ {fm2,fmi,-- - ,fm„) 

where f,„. : Xei i-> Tjmei for 2<i<n. 



Now, Set 



V93 92y 



f EndA(L2) HomA(L2,i3) 
IIomA(L3,'L2) EndA(L3) 

\HomA(Aei,L2) HomA(Aei,L3) 



HomA(L2,Aei)^ 
IIomA(L3,Aei) 



EndA(Aei) / 



/r22 


r23 ■ 


• nn 


o\ 




/<|)22('"22) 


h3{r23) ■ 


• hn{r2n) 


\ 


r32 


r33 ■ 


■ r3n 




I-)- 


$32 ('•32) 


$33 ('•33) • 


■ h^{r3n) 




rn2 

\m2 


rn3 ■ 
W3 • 


^ nn 

■ m„ 




a) 




I^n2ir„2) 

\ 93(^2) 


*l)n3('-n3) ' 
93(^3) • 


^nn «tt ) 

• 93 (w„) 




92(«)/ 
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Clearly, the map cp is an isomorphism of abelian groups. And it easy to check that cp is a ring 
isomorphism. The proof is completed. □ 

As a direct consequence of Theorem 1 . 1 , we have the following corollary. 

/„ are ideals of A. 



Corollary 3.2. Let A be a ring with identity, and suppose that h^h, 
(1) The two rings 



(A h h 

A A h 

A h A 

A h h 



\A h h 



are derived equivalent. 
(2) The two rings 



A 
A 



h 
A 
A 



h 
h 

A 



\A A 



h 

A 



'n-1 



In\ 
In 

In 
In 

InJ 



and 



4-1 In\ 
In-1 In 
4-1 In 



In-l 
A 



In 



a) 



and 



(Alh 






Va//2 





Alh 



Alh 



Alh Alh 



(Alh 
Alh Alh ■•• 
Alh Alh Alh 



\Alh Alh Alh 







A//„ 
A/4 a) 



A/4 
A/4 a) 



are derived equivalent. 



4 Applications 

In section 3, we have constructed derived equivalences of matrix subrings. In this section, we will 
give some applications of the main result. At first, we define a class of rings which are called general 
block extensions of rings with respect to the decomposition of identity. Then we calculate the finitistic 
dimension of a general block extension of ring with respect to the decomposition of identity. At last, 
we will consider the finiteness of finitistic dimension of a tiled triangular ring. Proposition 4.14, will 
give a condition under which the finitistic dimensions of tiled triangular algebras are finite. 
The following lemmas, which are taken from [18, 1 1], are useful for this section. 

Lemma 4.1. [18] If two left coherent rings A and B are derived equivalent, and if T* is a tilting 
complex over A with n+l non-zero terms such that B = End(r*), then fin.dim(A) —n< fin.dim(fi) < 
fin.dim(A) +n. 

Remark. In Lemma 4.1, if we replace A and B by arbitrary ring with identity, then/.Fin.dim(A) — n < 
/.Fin.dim(B) < /.Fin.dim(A) +n. The proof is similar. 

Lemma 4.2. [11] Let A be an ring with identity, and let T* be a tilting complex over A with End(7'*) ~ 
B. IfT* has n+\ non-zero terms, where n>0, then the following statements hold. 

(a) /.gl.dim(A) - n < /.gl.dim(B) < /.gl.dim(A) +n; 

(b) inj.dim(AA) — n < inj.dim(BB) < inj.dim(AA) +n. 

The following lemma about the estimation of global dimension and finitistic dimension can be 
found in [7, Corollary 4.21, p.70]. 

Lemma 4.3. [7] Let R and S be rings. Let M be an S-R bimodule and A := ^ . Then the 

following inequalities hold: 

(1) /.Fin.dim(5) < /.Fin.dim(A) < 1 +/.Fin.dim(7?) +/.Fin.dim(5). 
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(2) Z.Fin.dim(A) > sup{pd{RA) < oc | A G R-Mod satisfying Torf{M,A) = Ofor all i}. IfM is flat 
as a right-R-module, then / .Fin. dim (A) > /.Fin.dim(/?). 

(3) If proj .dim(s'M) < oo, then proj .dim(5'M) + 1 < /.Fin.dim(A) < max{/.Fin.dim(/?) + 
proj.dim(jM) + l,Z.Fin.dim(5)}. 

(4) max{l.g\A\m{R),lgl.dim{S),^xoi.di\m{sM) + 1} < /.gl.dim(A) < max{l .g\A\m{R) + 
proj.dim(5M) + l,/.gl.dim(5')}. 

The corresponding statements hold for the right homological dimensions over A. 



4.1 General block extensions of rings with respect to the decomposition of 
identity 

In this part, we will define a class of rings which contains hereditary orders, block extensions of basic 
algebras. 

Definition 4.4. Let A be a ring with identity \a- And 1a = ei +e2 H \- em is a decomposition of the 

identity where e; is idempotent. Then A can be represented as the following matrix form 



(e\Ae\ eiAe2 
e2Aei e2Ae2 



YmAei emAe2 



e\Ae„,\^ 
e2Ae, 



etn^^m j 



Set Ai = eiAei and Ajj = eiAej. Then A,- is the subring of A with identity element e,-, and Ajj is a 
(Aj,Aj) -bimodule. 

Let ni,n2, ■ ■ ■ ,nm G N. For I < i,s <m,l < j < n,- and I <t < n,, we define 



P =A{ni,n2,--- ,nm) = 
which is contained in the ring EndA((Aei)"i 



(P{\,\) P{\,2) 
P{2,\) P{2,2) 

\P{m,l) P{m,2) 



P{l,m)\ 
P{2,m 

P{m,m) J 



ations of addition and multiplication o/EndA((Aei)"i 
P{i,s) = 



{Acm)""') with the restrictions of the binary oper- 
•©(Ae™)""). 



fPiiM 



Pa,a 

Pi2,s2 



\Pini,sl Pini,s2 ' ' ' 

satisfies thatPip^sq is « {Ai,As)-bimodule. 
For P{i, s), there are three cases: 
Case I : i = s. 

/Ai la 1b 

Ai Bi2 li3 



Pn,sn,\ 
Pi2,sn 



XKs 



P{i,s) := 



Ai Ii32 

Ai /,-42 ^43 5(4 



^i(n-l) 



Iin\ 
h, 
h 

/,;, 



where Bn is the subring of Ai with the same identity, In and Iipq are ideals of Ai satisfying C 
1) C • ■ ■ C 7,2, /a C lipqjii CBiifor2<l <ni,3 <p<ni,2<q<ni-l. 
Case II -.i < s. 

/Ais Pi\^s2 ■■■ Pa,sn\ 



P{i,s) :-- 



Pn,s2 



Pil ,sns 
Pil,sns/ 
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Case 111 :i> s. 



P{i,s) :-- 



Pi\,sns \ 
Pi2,sns 



Suppose that YJiLi P{hl^)P{hJ) '!= Pih ])■ Then P is a ring and called general block extension of A 
with respect to the decomposition of identity. 

General block extension of A with respect to the decomposition of identity contains many classes 
of subrings of M„(A). In the following, we will give some examples. 
Example. (1) In Definition 4.4, we assume that m= I. Then 



/A 


h 


h 


4-1 


In\ 


A 


A2 


h 


In-\ 


h 


A 


hi 


A3 


■■■ h-l 


h 


A 


hi 




A4 ••• 


h 




Inl 




■ ■ ■ ln,n—\ 


An) 



where A is a ring with identity, A; are subrings of A with the same identity for 2 < i < n. are 



ideals of A for 2 < ; < n, 2 < 7 < n — 1 . In particular, set /, = aQ., A = A, = H for 2 < i < n and lij 



-Q. 



for 2< j <i <n, where i2 is a local /?-order and a is a regular element in Q,. Then Q,/aQ,is local 
and P is a QH-order with associated ideal / = CO • P, where 

/O 1 ••■ 0\ 
1 •••0 

••■ 10 
••• 1 
\a 0/ 

(2) In Definition 4.4, let A be a basic algebra, and let {ei , • • • , Cm} be a complete set of orthogonal 
primitive idempotents of A. 



set 



P{i,s) = 



fPiiM 

Pil,s\ 



Pa,s2 

Pi2,s2 



\Pini,sl Pini,s2 ' 



' mi,sns 



Pi2,sn 
Pini,sns/ 



( Ai 



yad(A,) 



{i = s) 
{i^s) 



Then P is called the block extension of A which can be found in [17]. In particular, if A is a basic 
QF-algebra, then P is a basic Harada algebra (see [17]). 

Theorem 4.5. Let Abe a ring with identity. Let P be a general block extension of A with respect to 
the decomposition of identity. Then 



/.Fin.dim(A) - 1 < /.Fin.dim(P) < /.Fin.dim(A) + ^ ^/.Fin.dim(A7/7;i) ^^m-m. 

i=\i=2 i=\ 

Proof. Denote by e^. the matrix which has 1a,^i in the (E/=ii/+ 7> L;=i"; + 
position and zeros elsewhere for 1^7^ ^j+i, ^ / ^ ?/2 — 1. Thus ^i,*** ,£^^1 , • • • ,6'^j-|-^27 
• • • , fij^m-i J , • • • , ^YIi-x ni piecewise orthogonal idempotents in P such that l/> = ei H h eY^_^ „^ . 
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"1 "m 
. ^ . ^ ^, 

Set T = EndpfPei ® • • • © Pei © • • • © Pe^m-\ „!©•••© Pe^m-\ „ , ). Since P is a subring of T with 
the same identity, T can be viewed as a P-module by restriction of the scalars of T to P. There is an 
exact sequence 

-J- P A T 4 L -J- 

in T-Mod, where A- is the inclusion map and L is the cokernel of 'k. By Theorem 2.2, two rings P and 

r" «■ 

Endp((© i=i,-,m L„-„j) © (ffi,J;i' 'P^i)) ^re derived equivalent. 

Note that End/.((L„i2 © • • • © L„i„,) © • • • © (L„„i © • • • ©i«„«„) © (^'e^^^j^i „,+i ® • • • ® Pei)) = 

/i(Lni,i,Lnij))2<i,i<ni {{J^nii,L„^j)) ^<i<-i ■■■ ((-LninLn^;)) 2<Kn, ((L„,;,/'e/)) 2<Kn, \ 

l<j<ii2 2<j<nm i<J<'^^ 

{{Ln2,i,L„ij))2<i<„2 ((i«2i'^n2,!))2<!J<n2 {{Ln2i,L„^j}) 2<i<i2 ((i«2!:^'ey)) 2<K„, 

2<7<ni 2<j<nm l<J^ii. 

{{Ln„,i,Lnij))2<i<n„ {{L„j,Ln2j))2<i<n„, ■■■ {{L„j,L„^j))2<iJ<n„ {{^nJ,Pej)) 2<i<n, 
((ft;, L„,y)) '<■<"" {{Pei,Ln2j))2<i<n,„ ■■■ {{Ln„i,Ln^j))2<i,j<n,„ {{L„^i,Pej))2<i<n„ , 

\ 2<./<i;i 2</<f72 l<j<m / 

(1) Hom/>(L„p;,L„^j) = Qfoi2<i<np,2<j<nq,l<p<q<m. 
There are exact sequences 

Applying the functor Homp(— ,Z,„^^) to (**), we get an exact sequence 

Uorap{L„^i,L„^j) Uoiap{Pe^p-i ^^^j ,L„^j) Uomp{Pe^p-i „^^.,Lgj) 0. 

By calculation, we have Homp{Pe p-i ,,,L„ j) = Homp{Pe p-i ,.,Laj) = 0. Thus, 

nomp{Lnpi,Ln^j) =0foT2<i<np,2< j <nq,l < p <q <m. 

(2) Homp{L„i^i,L„i^j) ^0 for 2 < i < j < nt,! < k < m. 
Apply the functor Hom/)(— ,L„^^) to the exact sequence 

We have an exact sequence 

Homp{L„^i,L„^j) -)> }iomp{Pe^k-i^,_^_^,L„i^j) }iomp{Pe^k-i^^_^_.,Lkj) 0. 

Note that Homp(Pe^t_i^^j,L„^y) and Homp(Pej,t-i^^.,Lfcy) are both isomorphic to Ak/I^j in 

Z-Mod. It follows from Lemma 3.1 that Hom/>(L„^,,L„j,j) = for 2 < i < 7 < n^-, 1 <k <m. 
Thus Endp((L„i2 © • • • ©L„;„i) © • • • © (L„„i © • • • ©L„„„„) © (Pe^^jji„,+i © • • • ©Pei)) ^ 

/{L„,2,L„^2) ••• \ 

* *. '. : 



V * ••• * EndA(Ae„e---eAei)y 

By Lemma 4.3 and Lemma 4.1, we can get the conclusion. □ 
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Corollary 4.6. Let A be as in Theorem 1.1. Then 

n 

/.Fm.dim(A) - 1 < /.Fin.dim(A) < n + ^/.Fin.dim(A,//,) + /.Fin.dim(A). 

1=2 

Proof. It follows from Theorem 1 . 1 and Lemma 4. 1 .□ 

As an consequence of Theorem 4.5, we can get the following corollary. By the corollary, we can 
get a class of algebras which have finite finitistic dimension. 

Corollary 4.7. Let A be as in Theorem 1.1 and suppose that A is an Artin algebra. Then 

(1) Iffm.A\m{A) < oo and fin.dim(Ay//^,) < oofar 2<i < nj, I <j <m, then fin.dim(P) < oo. 

(2) //■fin.dim(P) < oo, then fin.dim(A) < oo. 

In [17], K. Yamaura proved that any block extension of a basic QF-algebra is a basic left Harada 
algebra. And for any basic left Harada algebra T, there exists a basic QF-algebra R such that T is 
isomorphic to an upper staircase factor algebra of a block extension of R. By Theorem 4.5, we can 
get that the finitistic dimension is finite for the block extension of a QF-algebra. Thus, the finitistic 
dimension conjecture holds for the class of left Harada algebras. 

Corollary 4.8. Suppose that R is a QF-algebra and P is the block extension ofR. Then 

m 

fin.dim(/') < ^n,- — m < oo. 

1=1 

Proof. Note that fin.dim(/?) = 0, fin.dim(A,7radAj) = for 2 < ; < nj, I < j <m.D 
Proposition 4.9. Let A as in Theorem 1.1. Then 

OTax{/.gl.dim(Ai//,),/.gl.dim(A),2 < « < n} - 1 < /.gl.dim(A) < ^ Z.gl.dim(A//,) 

(=2,3,---,n 

-F/.gl.dim(A)-|-n. 

Proof. By Theorem 1.1, we can get that the two rings A and E are derived equivalent via a tilting 
module whose projective dimension is less or equal 1 . It follows from 4.2 and Lemma 4.3.0 

Corollary 4.10. Let A be a ring with identity, l2,h,- - ,/„ ideals of A. Set 



(A 


h 


h ■■■ 


■■■ In\ 


A 


A 


h ■■■ 


■■■ In 


A 


h 


A h 


■■■ In 


A 


h 


h A 


■■■ In 


U 


h 


h ■■■ 


In-l a) 



Then max{/.gl.dim(A//,) - l,Z.gl.dim(A) - l,proj.dim(A/i),2 < i < n) < /.gl.dim(r) < 
max{/.gl.dim(A//,) +proj.dim(A//) + 3, /.gl.dim(A) + 1,2 < /, j < n}. 

Proof. By Corollary 3.3(2) and Lemma 4.3, we can get the conclusion. □ 
4.2 Tiled triangular rings 

Before we turn to the second topic, we recall the definition of recoUement, given by Beilinson, Bern- 
stein and Deligne in their work on perverse sheaves. 

Definition 4.11. [2] Let D .'D' and 2?" he triangulated categories. Then a recoUement of 'D relative 

to ® ' and diagrammatically expressed by 

®' > ® > d" 
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is given by six exact functors 

i* = i\ : -)■ 'Dj* =j-:'D^ -d" ,i* ,v : ® 'D',j\J* : ®" ®, 

which satisfy the following four conditions: 

{R\) {i*,i* = i\,v) and = j'j*) are adjoint triples, i.e., i* is left adjoint to 4 which is left 
adjoint to r etc., 

(Rl) i j^ = 0, 

(7?3) and are full embeddings, 

[RA) any object X in 23 determines distinguished triangles 

hi X -s-X j^j*X Un X and j\j X iJ*X l.j\f x 

where the morphisms ia X — > X etc. are the adjunction morphisms. 

Using the notion of recollement, Happel proved the following result. The next lemma is useful to 
provide a class of algebras which have finite finitistic dimension. 

Lemma 4.12. [9] Let A be a finite-dimensional algebra and assume that ^''(A-mod) has a recolle- 
ment relative to ^''(A'-mod) and ^''(A"-mod) for some finite dimensional algebras A', A". Then 
fin.dim(A) < oo if and only j/fin.dim(A') < oo and fin.dim(A") < oo. 

The following lenmia, showing how to construct a recollement, is useful in our proof. 

Lemma 4.13. [16]Let A,B andC be algebras. The following assertions are equivalent: 

(1) ^~(A) is a recollement of {C) and 2'^{B). 

(2) There are two objects P,Q^ '3!^ (A) satisfying the following properties: 

(a) There are isomorphism of algebras C = Homgi(A)(^j^) andB = Homg)(A)(2i Q)- 
{b) P is exceptional and isomorphic in ^(A) to a bounded complex of finitely generated pro- 
jective A-modules. 

(c) For every set A and every non-zero integer i we have Hom^^^) (2)2^^^ \f\ ) = 0. ^^he canonical 
isomorphism Hom^(A)(2i6)''^^ ^ Homg)(A)(2j2^'^') o.n isomorphism, and Q is isomorphic in 
3{A) to a bounded complex of projective A-modules. 

{d) Hom^(A)(P,e[i]) = for all i e Z. 

(e) P®Q generates 2'{A). 

Now, we turn to consider "tUed triangular ring," i.e., rings of the form 

hn \ 



^n—l.n 



■■ h,n-\ h,r\ 

■■ h,n-l h,n 

■■ h,n-l h,n 

A ■■■ l4,n 

A A J 

Suppose that <I> is an Artin algebra, Iij are ideals of A for I < i < j < n, 
proj.dim(^//. < oofor I <i < j <n-l and fin.dim(A/7,y+i) < oo,fin.dim(A) < oo 

for I < i < n — I. Then fin.dim(^) < oo. 



A = 



/A In 
A A 



for lij ideals of A. 



Now, let us prove the last result in this paper. 
Proposition 4.14. Set 



A 
A 
A 



h.2 
A 
A 
A 



h,3 
h,3 
A 
A 



\A A 
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Proof. Set r = M„(A). The exact sequence 











in <I>-Mod is an add(r)-split sequence. By the method which is similar to the ones in Theorem 1.1, 
we can prove that the two rings 



/A In In 
A A 723 



\A A 



h,n \ 



^n— 1 ,n 

A ) 



and Zi 



are derived equivalent. 
Set 



For simplicity, we denote 3>„ by 



/A//12 /23//13 
A//12 A//13 

Va/7i2 A//13 

(Ax Jn Ji3 

'■ A2 723 

'■■ A3 
VAi A2 A3 



/A/7i2 723 /713 

A/7i2 A/7i3 

A/7i2 A/7i3 

VA/7i2 A/7i3 



hn/hn \ 



In—l,n/Iln 
A/hn ) 



hn/hn 0\ 



A/7i„ 

A/7i„ Aj 



Jin \ 



Jn—l^n 
An. j 



Claim: Suppose that proj.dim(yij7u) < 00, 2 < k < n and proj.dim(x./y._j < 00,2 < 

i < j ^ n — l. Then fin.dim(r) < 00 if and only if fin.dim(Ai) < 00 and fin.dim(A,/7,_i ,) < 00, for 

2<i<n. 

Proof of Claim: Let e be an idempotent of F which has 1 in the (1, l)-th position and zeros 
elsewhere. By easy computation. 



/Ai J12 J\3 
Ai hi h3 

\Ai hi Jl3 



hn\ 

hn 
hnj 



Since FeP is projective as right F-module, we have Torf (r/rer,r/rer) = for i > 0. Then 
X : r ^ r/FeT is a homological ring homomorphism. Then there is recollement: 

-»pr/rer -ig^rer 
^(Mod - r/rer) ^^u^ ^{Uod - r) ^^=7^ Tria®(r) {TeT) 
RHomr(r/rer,-) 

where Tria^(r) (r^r) is the smallest full triangulated subcategory of ^(F) containing FeF and closed 
under small coproducts, ?'* is the inclusion functor, ^ ®p F/FeF, is the left derived functor of — (8>r 
F/FeF, — (x)^ FeF is the left derived functor of — 0rFeF and RHomr(r/rer, — ) is the right derived 
functor of Homr(F/FeF, — ). 



13 



Note that r/FeF has finite projective dimension as right F-module. Then, by Lemma 4.13 and 
[16, Corollary 3 and Example 6], there is a recollement: 

^- (Mod - r /Per) ^^L^ (Mod - T) (C) 
RHomr(r/rer,-) 

where C is the dg algebra Cdg^ii^eF, iFer) and iFeF is an injective resolution of the right F-module 
Per. Note that FeF is isomorphic to (eF)" as right F-module. By [12, Theorem 9.2], there is a 
triangle equivalence between ^^(C) and ^^(Mod — H^(C)) = ^^(Mod-ePe). Hence there is a 
recollement: 

9- (Mod - F/FeF) Qj' (Mod - F) ^^=7^ SJ' (Mod - ePe) 

RHomr(r/rer,-) 

where is inclusion functor, 7' = RHomr(eP, — ) is the right derived functor of Homr(eP, — ), 7* = 
RHom^re (Pe , — ) is the right derived functor of Hom^re (Pe ,— ),— (8)rP/PePis the left derived functor 
of — (gpT/PeP, —(gj^p^eP is the left derived functor of — (gerecP. Since proj.dim(/i|/ijt) <^,2<k< 
n, we have that PeP have finite projective dimension as left P-module. Thus, the functors — (g)p P/PeP 
and — (8)gpg eP send complexes of bounded homology to complexes of bounded homology. Note that 
eF and F/FeF have finite projective dimension as right P-module. Then the functors RHomr(eP, — ) 
and RHomr(P/PeP, -) restrict to the functors f?''(P-Mod) f?'' (ePe - Mod) and ^''(P-Mod) 
S'^ [F/FeF — Mod) respectively. Then, we can get a recollement: 

9^ (Mod - P/PeP) (Mod - P) ^=7^ (ePe - Mod) . (*) 

RHomr(r/rer,-) 

Since P is Artin algebra and the functors, appearing in (*), take finitely generated modules to finite 
generated modules, it follows that the following diagram is a recollement. 

(F/FeF) ^^(F) ^^=^ ^''(ePe) . 

By Lemma 4.12, fin.dim(P) < 00 if and only if fin.dim(Ai) < 00 and fin.dim(P/PeP) < 0°. Let 
P„_i denote F/FeF. By similar discussion, we can get fin.dim(P) < «> if and only if fin.dim(Ai ) < 0° 
and fin.dim(A,77,_i.,) < 00 for 2 < i < 

By Claim, fin.dim(<I>„_i) < 00 if and only if fin.dim(A//, ,+1) < 00 for I < i < n — 1. By Lemma 
4.3, fin.dim(A) < fin.dim(Ei) < fin.dim(A) + fin.dim(<I>„-i) + 1. By Claim, fin.dim(A//;,,+i) < 
00, fin. dim (A) <°o,l </<n— 1 imply fin.dim(Zi) < 00. By Lemma 4.1, we can get that fin.dim(Zi ) < 
00 implies fin.dim(<t>) < oo.D 

The following is a typical case of Theorem 4. 14. 

Corollary 4.15. Set 

/A radA 7i,3 ••■ 7i,„ \ 

A A radA '■. : 
^ A A A ■■. : 

'■ '■ '• '• In-2,n 

: : ■■ radA 

\A A ■■■ A A / 

Suppose that <I> is Artin algebra, lij are ideals of A for ij = 1,2, • • • ,n. Tjf fin.dim(A) < 00, then 
fin.dim(<t>) < 00. 

Proof. Let = radA for ; = 1 , 2, • • • , « - 1 .□ 
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5 Examples 

In this section, we display several examples to illustrate our theorem. 
Example 1. Let A be a ring with ideal /. Let F be the ring 



(A I fi fi\ 



r = 



A A I"- 



A 



I A 

I I AJ 



By Proposition 4.9, we can get OTax{0,/.Fin.dim(A) — 1} < /.Fin.dimF < /.Fin.dini(A) + 
/.Fin.dim(A//) +/.Fin.dim(A//2) + /.Fin.dim(A//3) +4. 

Example 2. Let A = k[x\/{:j^) for n > 1, and / = rad(A), Let 



/A / /2 /3\ 



A = 



A A I P 
A A A I 
\A A A Aj 



Since k[x]/ {x") is representation-finite, the finitistic dimension of k[x]/ {x") is finite. By Corollary 
4.15, fin.dim(A) < oo. 

Example 3. Let A be a A:-algebra given by the following quiver. 



5 2 



with relations {a^ = p6, ap = 0, 5a = 0}. 

Then A can be represented as the following matrix form. 



k8 



km/m' 



Suppose that P{3,2) is the block extension of A. ^(3,2) = 

//t[a]/(a)4 yt[a]/(a)4 k[a]/{a)'^ fc(3 

(a)/(a)4 /t[a]/(a)4 k[a]/ia)'^ fcp 

(a)/(a)4 (a)/(a)4 k[a]/{ar 

kd kd k8 yt[5p]/(6P)2 

V its k5 k5 (5P)/(6P)2 



k^ 
/tp 
/tp 

fe[5p]/(6p)2 
fe[5p]/(6p)V 



f (3,2) can be described by given by the quiver 




with relations {e{a^) = Pii5ii5i2Pii5ii5i2pii = P12521P21 = e(P5),e(ap) = Pii5ii5i2pi2 = 
0,e(5a) = P21811812P11 = 0}, where e is the extension map defined in [22]. By Corollary 4.8, we 
havefin.dimP(3,2) < 3. 

Acknowledgement. 1 want to express my gratitude to my supervisor professor Changchang Xi 
for encouragement and useful suggestions. 
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